CMPUT 654 Fa 23: Theoretical Foundations of Machine Learning Fall 2023

Lecture 20: Kernel Methods (November 21)

Lecturer: Csaba Szepesvdri Scribes: Kushagra Chandak

Note: BIEX template courtesy of UC Berkeley EECS dept. (link to directory)
Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications. They may
be distributed outside this class only with the permission of the Instructor.

Motivation. Suppose we have a feature map
¥ X = R?

which is used to make predictions
fu(x) = (w, (),

where w € R?. Note that if d is huge then computing the prediction f,,(z) is expensive (linear in d). Can we do this
efficiently? Ambitiously, can we replace R with some Hilbert space YW? Recall that a Hilbert space is a complete
inner product space. The endowed inner product is a bilinear function (-, -) : W? — R satisfying the following
properties for any u, v, ui, us € W.

1. (Symmetric) {u,v) = (v, u).
2. (Linear in both arguments) (uq + u2,v) = (u1, v) + (ug,v) and (Au, v) = A(u,v).
3. (Positive) (u,u) = 0iffu = 0
Note that the inner product induces the norm ||u||> = {u, u). Some examples of Hilbert spaces:
1. W = R with the inner product of the form (u,v) = u" Qu where Q is PSD (Q = 0).

2. W = £5(RY), where £2(RY) € RY such that [|ul|? = Y2, u? < oo for all u € W, with the inner product

2oimy Ui

With a Hilbert space structure, we can do computations like calculating ERM efficiently. We have input space X’
and output space ). The prediction we want to compute efficiently is f,(x) = (w, ¥ (z)). We also have a loss
function £ : R x Y — R. For data (z1,y1), ..., (Zn,yn) € X x ), the regularized loss is defined as

Q) = = 3" (fulii)i) + Yl

We introduce another map, the kernel, k : X 2 5 R, using which we can write the ERM solution.

k(u,v) = (¢p(u),(v)) .

Now imagining that the Hilbert space YV is R?, we can find the ERM solution:
, 1w 0
0=Qw)=—-3" 7y (Ful@i) yi(as) + A,
S i=1
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or

n

W= 3 S ) i)l = > o).

i=1

Therefore f,, can be computed as
fw(x) = <U)71/)($)> :Zazk(xlax) :fa(x)v aeR™.
i=1
Note that the penalty term ||w]|? can be written as

n
lwll* = > asasb(zi,z;) = o Ka,
ij=1

where K is an n x n matrix composed from the kernel: K = (k(zi, z;)};_;-

We can also optimize the loss in the o (R™) space:
~ 1 - < )\ T
Qo) =~ > U fol@i), i) + S0 Ko

i=1
We can go between the o space (R™) and the WV space. Going from R to WV is simpler, and can be done using
the map ¢ : R™ — W defined as ac = >, ap(x;).
¢
R”™ w

a»—>fa w'_>fw

RX
We know that ¢(R™) C W. So if we can show that arg min ¢, Q(w) C ¢(R™) then minimizing Q(w) would
be same as minimizing Q(a).
Switching to the “a” representation is called the kernel trick.

Definition 20.1 (Positive definite kernel'). Let k : X2 — R be symmetric. k is positive definite if for all n € N,
T1.n € X™ and a € R, ZZ":I Z;;l a;ajk(x;, x;) > 0.

Let k be a symmetric positive definite kernel. Let Ho C R¥ be defined by

i=1

Ho = {x»—)Zaik(x,xi):nGN,aeR”} .

Suppose we define a function on H (which we will claim to be an inner product)

n

O aik(zi,), Y Bik(ay ) = Y D aibik(wi, ;).
i=1 j=1

i=1 j=1
Claim 20.2. H is a pre-Hilbert space (no completeness).

Theorem 20.3. For every symmetric positive definite k, 3!(H, (-,-) C R™ Hilbert space such that Ho C H is dense.
For any function ) oik(xi, ), Bik(zj,-) € Ho, (ik(zi, ), Bik(z;,-)) = 32, ; ciBik(zi, xj).

The space H is called a reproducing kernel Hilbert space (RKHS). A RKHS has the reproducing kernel property
which follows from the construction:

f(@) = (f,k(z,)).

ITechnically, positive semi-definite



