CMPUT 654 Fa 23: Theoretical Foundations of Machine Learning Fall 2023

Lecture 18: November 2

Lecturer: Csaba Szepesvdri Scribes: Vedant Vyas

Note: BIEX template courtesy of UC Berkeley EECS dept. (link to directory)
Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications. They may
be distributed outside this class only with the permission of the Instructor.

18.1 Leave One Out (L.O.0) Stability

target  auxillary
Definition 18.1. & : Z™ U Z""! — M;(R%) is e-LOO (Leave One Out) stable with € : Z" ™1 UZ — [0, 00)
if vZl:n+1 S Zn+ ,U/k(zl:n; ZnJrl) S Mk(zlzn+l7 Zn+1) + E(zl:n+1; ZnJrl)

o r>n—+1 _ —n+1
Proposition 18.2. Assume 13 (213,17 2nt1) = pr(Z1:n41, Zng1) and a(zi i1 Zn1) = €(Z1ma 1y Zny1)

& K is e-LOO stable then

E [tk (21:m, 2n+1)] < EPpgapir (Z1im+1) + EPpg1e (21:041)

Note: From our assumptions on p; we can get complete symmetry as to swap i <+ j, we cando 7 <> n + 1, and
thenn +1 < j

Proof.
1
ii}ﬁ:{ (Zlvamzz luzn+17~~~~zi)
P C
(Z?Z’Hl, 2i) = (Z1m+41, Znt1) (Same joint distribution)
1
(/j’k + E)(Z?Z:L_-{ 5 z) ~ (,uk + 5)(len+17 Zn-i—l)
S0, k(215 2nt1) < (ke + €)(21:n415 Zni1)
P 1
= (:uk +e (Zii;iJlr azz)
Taking expectation on both sides, and averaging over i would lead to the desired result O

18.2 First Order Optimality

Lemma183. f:C — R, C C R? closed, convex, C * O

x* € argminf(z).
zeC
(1.) 30 € Of (z*) s.t. 6T (x — x*) > 0.
(2.) Assume f is \ — SOC, 7 € 9f(x),0" (x* — x) > —g |z — a*| for some g > 0 = ||z — 2*|| < 1.

Proof.
fl(z*;z —2*) = 0" (z — z*) for some 0 € Of ()

18-1


https://inst.eecs.berkeley.edu/~cs294-8/sp03/Materials/

Lecture 18: November 2

18-2

f@) > fle) + 07 (" —2) + %Hw* —z|?

* >\ *
> f(@) = gle = 2"|| + S a" - 2]

f@) > fla*)+ 0" (x—a*) + %HUC —z*||?

A
> f@) + S lle =2 (Using 1)

gllz =zl = Allz — 2*||?

Q.E.D.

Theorem 18.4. G = {g,, : w € C},C C R closed and convex. w v g, (2) (Wi, |- ]l2) — (R,]-])

Lipschitz
h:RY—= R, Gu(2) = guw(2) + h(w).
Assume  w — P, . gy is \-SOC ( X Strongly Convex) ; Vz1., € Z™
A (z1.) := argminP,, g, = argminP;, g, + h(w)
wel wel
. n
A(21:m41) = argminP;, . g + mh(w)

wel

, 2
Then: 1.) Ais e (21:n+1, Z;H—l) = %—LOO Stable

206N
2.) Ais =5, == uniformly stable
3.) 1.0 ~ p®™. Then, for w, = A (z1.n),

] EG? (2
Epgwn < 1ufw€c (Pgu) + h(w)) + )\(n—i(-ii

Proof.
Part 1: L..O.O Stability

Let Z1:n+1 ~ POl
Ln(w) = P, guw

wy, = A(z1.,) = argmin,, L, (w)

n
Ln+1(w) = le:n+1g + mh(w)
Wpt1 = A(21:m41) = argmin,, L,41(w)

Assume L,,, L, ;1 are differentiable. By F.O.O. Lemma (18.4): 6,, := VL, (wy,) s.t.

9; (w71,+1 - wn) 2 0 (*)
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n
n+1

1
VL, (w,) + mVan (Znt1),

Now, Ly, y1(w) = Ly (w) + (Zn+1) 5

n+1 19w

Vingr (wn) = 2o
. " 1
= anJrl (wn) (wnJrl - wn) 2
_ G (zn+1)
n+1

"t 1v9wn (Zn+1)T (Wng1 — wn) )

= ||wn+1 - wn“ )

N
IVgwl < G, (Cauchy Schwartz).
Now by using F.0.0 Lemma (Part 2), we get

G (2n41)
_ < T\l
= ||Wn+1 Wn” = )\(n—i— 1)
= gwn (ZTL+1) - gwn_H (Zn+1) S G (ZnJrl) ||wn - wnJrl”
< G? (Zn+1)
~ AMn+1)
2
i — L - 0.0 stabl
:>A1S)\(t+1) 0.0 stable

Part 2: Uniform Stability ~ Proof for Uniform stability follows similary but with the use of ||-|| .

Part 3: Symmetry

A (Z?::T{l) =A (zl:nJrl) )
e(E ) =¢e(z1:n—1).

LOO Theorem:  Zy., ~ PO W,, : A(Z1.) , Whni1 = A(Z1.n11).

EPgwn S EPn+lgwn+1 + EPnJrlE (Zn:n+1)
EG2 (2:1)
A(n+1)

2
<ELpyi(w)+ %Hh(w) + m
EG2 (2’1)
A(n+1)

<ELpt1 (Wng1) +

= Pgy + h(w) +
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Example)

hingeloss

(fi(z,y)) = max(1 — f(z)y,0),y € £1
fuw(a) = wTw(x),w € R

A
glw) = S lwl*  h=o0.

2
Ao E(le)]+vay)
Then E [Peo f,,,] < inf Plo fu + Zw|* +

A(n+1)
Proof. Consider the function defined by
A2
9w (@,y) = £ (fur (2,9)) + Sllwll”. (18.1)
The mapping w +— ¢,,(z) induces a gradient
Viuwa) = U(fw,2)y+ M . (18.2)
€{0,1} unbounded
Given z1., € Z™ and w,, € argmin L,,(w), we have
A 2 2
9 [wn|” < Ln (wy) < Ln(0) 1= flwn < N (18.3)
where
2
A1) = axgminco Lo(w) - and c={uwws¢:} (184)

O

Theorem 18.5. Assume ¥z € Z, the mapping w — g,,(2) is A-strongly convex and L-smooth. Then the following

properties hold:
A (z1.,) = argmin P, g, (18.5)
A (21:n41) = argmin,, P;, . Gu, (18.6)
£ (2141, Zg1) = (1 + 2)L\n> ||V9A(zlz,j\)n(zé+1) ||% (18.7)
1. Aise-L.0.0 stable.
2. If L <0.2\n, then
EPg.,, < inf (Pgw + i’jpnvngg) : (18.8)

Example: let the loss function ! and regularization term g be defined as:

L(fi(z,y) = (f(z) —y)*,

A
g(w) = 5wl
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Then, the model f parameterized by weights w, and the composite objective function g,, can be expressed as:

f=Tfw= wT'l/)a
9w(2) =1 (fw, 2) + g(w), implying strong convexity (A — SOC).

ng(z) =2(fulz) —y) ¥(2) + \w,
gu(2) = 206(2) () + AL,
Amax(V gw ))§2 l'||2+>\

We define the Lipschitz constant L as:
L :=sup (2o (@)l +4).
If L < 0.2)\n, it follows that:
BPgu. < inf (Pou + 35 x BISCOI(u (o) - 9)?)
Assuming there exists a w, such that:
E {(fw* (X)—Y)*| X} < 07 almost surely (a.s.),

‘We can deduce that:
880 9
EPg,, <o +*Hw*llz —El[d (@)

H.W: Compare to result that does not use smoothness!
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